ABSTRACT We explore the means by which immobilization of a substrate on a surface can increase the rate of a diffusioncontrolled enzymatic reaction. A quasichemical approach is developed and compared with Brownian dynamics simulations. We use these methods to show that restricting only the orientation of the enzyme by long-range interactions with the surface is sufficient for enhancing catalysis.
INTRODUCTION
Enormous interest in surface-based assays for biological interactions and activities is driving significant advances in associated technologies. Surfaces that are both robust and inert to nonspecific adsorption can be made readily by controlled means (1) , and chips with a diverse range of chemical properties are now available commercially (2) . Used in combination with sensitive in situ methods for detection of binding and reaction, in particular surface plasmon resonance spectroscopy (2) (but see also (3) (4) (5) (6) (7) (8) (9) ), solid substrates with molecules immobilized in well-defined ways are enabling quantitative measurement of equilibrium and kinetic parameters.
For a diffusion-controlled enzymatic reaction, different catalytic rates are observed for substrate molecules free in solution and ones tethered on surfaces. The relative diffusion constant, the rotational freedom of substrate molecules, and the solid angle available for collision are all reduced in going from the former to the latter case; these changes tend to limit association. Mass transport effects (2, 10) , aggregation, and crowding (11) (12) (13) (14) can further influence the kinetics of reaction. It is important to obtain quantitative corrections for the various factors to make meaningful connection between experimental measurements and natural situations. Here, we restrict our attention to the simplest case, systems with wellseparated substrate molecules in the absence of flow.
Because in general the effects listed above decrease apparent rates, it is natural to ask whether there are circumstances under which restriction of a diffusion-controlled reaction to an interface can enhance the kinetics. One wellknown way that a surface can facilitate interaction of molecules is that it can guide the translational diffusion of the mobile species ((15-18); A. Nag and R. S. Berry, unpublished). In other words, the search is broken into two steps: association with the surface followed by a random walk in two, rather than three, dimensions. The reduction in the available space drastically accelerates the enzymatic throughput.
In this article, we investigate the rotational analog of the mechanism described above. Namely, restriction of orientation in the presence of a surface is shown to be sufficient to allow an enzyme to convert immobilized substrate species more rapidly than like-molecules in solution. To this end, we extend the quasichemical scheme that Š olc and Stockmayer (19) introduced for diffusion-controlled reactions in solution. The idea is then made more explicit with Brownian dynamics simulations of a simple representation of a neutral enzyme with a dipole that interacts with a substrate molecule immobilized to a surface with a uniformly distributed charge. The relation to electrostatic steering (20-23) is discussed.
THEORY

Michaelis-Menten kinetics
In this section, we develop an approximate analytic theory to treat the kinetics of enzymatic reactions with substrate molecules in solution and on surfaces consistently. Our starting point is the standard Michaelis-Menten scheme (24) :
Here, E is the enzyme, S is the substrate molecule, (ES) is a bound complex, and P is the product; k a , k d , and k cat are the rate constants for association, dissociation, and catalysis, respectively. The rate of product formation under the assumption that
where
is the total enzyme concentration, which is the sum of the concentrations of both free and bound forms. Our specific goal is to relate k a and k d to molecular properties for the cases of mobile and immobile substrate species. To this end, we adapt a quasichemical scheme (19) and various expressions for its parameters (17, 25) (reviewed below). The relations obtained are then used to show explicitly that tethering a substrate to a passive surface decreases k cat /K M and this effect can be overcome by allowing the surface to enhance enzyme reorientation.
It is important to note that the Michaelis-Menten expression for the rate assumes that the reversible formation of the enzyme-substrate complex (ES) by diffusional encounter and the irreversible conversion of the substrate to product P are both described by ordinary differential equations. In principle, diffusion introduces a time dependence to k a in Eq. 1, which can lead to deviation from Eq. 2. However, Zhou (26) showed that, for orientationally restricted sites typical of enzymes, k a very quickly approaches its infinite time value, so that Michaelis-Menten kinetics will be adequate in general.
Model geometry
We model the enzyme and substrate molecules as spheres with axially symmetric reactive patches. In the case of the surface-tethered substrate, only half the surface area of that species is available for collision and its reactive patch is centered on a vector orthogonal to the surface (Fig. 1) . For simplicity, we assume here that there are no long-range forces between the molecules.
The case of two mobile spheres with angularly restricted reactive sites has been studied extensively (17, 19, 25, (27) (28) (29) (30) . In contrast, there are relatively few studies that treat immobilized species as three-rather than twodimensional objects (typically, circular disks (14, 15, 31) ). Schmitz and Schurr (32, 33) considered the case of a uniformly reactive hemispherical substrate interacting with a spherical enzyme with an axially symmetric reactive patch. However, the orientation constraint in Schmitz and Schurr (32) and Schurr and Schmitz (33) differed from that in studies of two mobile spheres and the present work in that the angle was measured relative to a fixed vector orthogonal to the surface rather than one along a line connecting the centers of the molecules (see (28) for a discussion).
Quasichemical approximation
Because our primary purpose is to gain qualitative insight into how tethering substrate molecules influences different aspects of association and dissociation, we explore the physically transparent but approximate quasichemical approach of Š olc and Stockmayer (19) . The key simplification is that collision (due to translation) and reorientation to align the reactive patches (due to translation or rotation) can be treated separately (Fig. 2) . Each species (C 2 {E, S}) can be either oriented toward (C 1 ) or away from (C ÿ ) the other, so there are four possible unbound but paired states:
The E 1 S 1 state forms a bound complex with rate constant k x ; the corresponding parameter for the reverse process is k ÿx . The remaining elementary steps are described by the rate constants indicated in Fig. 2 . Molecules come together with rate constant k t and partition into one of the four possible unbound but paired states with a rate proportional to the reactive fractional surface areas (f C for C 1 and 1 -f C for C ÿ ). Paired species separate with rate constant k ÿt , which we take to be same for all orientations. In other words, there are no interactions associated with their nonreactive surfaces. Molecules are assumed to reorient one at a time;
with rate constant k C (k ÿC ). Taking each of the four possible unbound but paired states to be at steady state, it can be shown by algebraic manipulation that (19) 
with reorientation parameters
and
The quasichemical approach has the advantage that its parameters can be varied directly without appeal to a specific microscopic picture, and we use this feature in Surface Enhancement of Reorientation Rates, below, to motivate the introduction of long-range interactions between the surface and the enzyme.
Relation of rate constants to molecular properties
We now relate the rate constants in Fig. 2 to molecular properties to make clear how substrate surface immobilization influences k a and k d . The spherical and hemispherical species in Fig. 1 can be described fully by their radii (R C ) and the angles defining their reactive patches (u C ).
Fraction of reactive surface area
The surface area of each axially symmetric reactive patch is
Molecules in solution and on the surface differ with respect to their total areas available for collision: 4pR 2 C and 2pR 2 C ; respectively. Using the halfangle trigonometric formulas, the reactive fractions are
Collision and separation
The separated species come together with the Smoluchowski diffusionlimited rate constant (k t ) (34) , and the corresponding parameter for the reverse process (k ÿt ) can be derived by the same means (35) . When both the spheres are mobile, k t and k ÿt are
FIGURE 1 Model system of spheres with axially symmetric reactive patches. u E is the angle associated with the reactive patch on the enzyme; u S (not indicated) is the corresponding angle for the substrate.
We estimate the diffusion constant of each molecule from the Stokes-Einstein relation D C ¼ k B T/6phR C , where k B is the Boltzmann constant, T is temperature, and h is the viscosity of the solution.
Tethering the substrate on the surface makes its translational diffusion negligible (D S ¼ 0), and D reduces to D E . Also, the factor of 4p in Eq. 11 is decreased by a factor of 2 to account for the change in substrate solid angle available for collision. There is no corresponding modification of the expression for k ÿt because both the volume of the encounter complex and the surface area available for flux are reduced to the same extent. In other words, k
Reorientation
The L C parameters (Eq. 5) account for reorientation of the molecules in unbound but paired states. An approximate expression for L C in the solution case was obtained by Shoup et al. (28) and Zhou (25) ,
Þ is the modified Bessel function of order q, P l (cos u C ) is the Legendre polynomial of order l, and Q C is the rotational diffusion constant. We obtain the last of these from the Stokes-Einstein relation Q C ¼ k B T=8phR It is important to stress that, even when the substrate is immobilized, its reorientation parameter is nontrivial because this variable contains contributions from translation of the enzyme (see Appendix B of Shoup et al. (28) ). An approximate expression for L 
Although Eqs. 13 and 14 are straightforward to evaluate numerically, Berg (17) introduced an approximate expression for L 
where the general expression for x C is given by
and n 2 {surf, soln}. The above approximation shows good agreement (within 10%) with Eq. 13. Somewhat larger errors (up to 20%) are observed when Eq. 15 is used to approximate Eq. 14.
Effects of substrate immobilization
As described above, restrictions associated with the surface decrease both k a and k d relative to solution in the absence of interactions that promote nonreactive surface sticking. We now use the quasichemical approximation to show that, on balance, these changes decrease the catalytic efficiency of the enzyme. Specifically, we argue that the ratio (17) is ,1. From Eqs. 3 and 4, where z is given by
Substituting the values of k t and k ÿt for the surface and solution cases into Eqs. 18 and 19,
Substituting into Eq. 17 and rearranging, 
Surface enhancement of reorientation rates
How can surface immobilization of the substrate increase enzymatic throughput? It is well known that a long-range potential that leads to a bias in translations of the molecules relative to each other can enhance rates. Here, we show that a similar effect can arise from factors that limit enzyme orientations. In the presence of a long-ranged potential associated with the surface, the ratio of the forward and backward enzyme reorientation rates can be expressed as
where DU controls the extent to which one orientation is favored, and is defined by Eq. (Fig. 3) shows that values of r % 310 and higher lead to faster kinetics in the surface case. This ad hoc means of increasing the association rate motivates the simulations below in which we introduce an electrostatic interaction that serves to orient the enzyme in the surface case. At room temperature, the value of r at the crossover corresponds, for example, to an enzyme with a dipole moment of 100 Debye interacting with a surface with a uniform charge density of 0.3 e/nm 2 ; these values are well within observed limits for natural systems (36, 37) .
BROWNIAN DYNAMICS
In this section, we use Brownian dynamics simulations to show that reasonable electrostatic interactions between the surface and the enzyme can boost the catalytic efficiency of the enzyme through changes in reorientation rates. The rate constants obtained for a mobile enzyme sphere and an immobile substrate hemisphere are compared with the rate constants for the case when both the enzyme and substrate are mobile spheres in solution and no surface is present. The comparison is done for a range of values of the reactive patch widths on the molecular species and for a range of surface charge densities.
Simulation details
We model the enzyme as a neutral sphere with a point dipole at its center, and the surface as a homogeneously charged plane at z ¼ 0. The sign of the charge is such that the reactive patch of the enzyme tends to point toward the surface. There is no electrostatic interaction between the enzyme and the substrate. The latter is fixed in space with its reactive patch orthogonal to the surface in the outward direction, as indicated in Fig. 1 .
In the radial direction, the one-dimensional Smoluchowski diffusion equation was solved exactly for reflecting boundary conditions with the Lamm-Schulten algorithm (38) as described in Northrup et al. (39, 40) , but with a fixed time step. In the tangent directions, the Ermak-McCammon algorithm (41) in the absence of hydrodynamic interactions was used to integrate the equations of motion. When the latter yielded a position for the enzyme below the surface (z , 0), the z coordinate of the enzyme was set to its absolute value, which corresponds to reflection by the surface. The rotational degrees of freedom were varied independently using the scheme in Scherer (42) . During the simulations, the escape probabilities for the specified reactive patch sizes and a finite simulation volume are accumulated. Rate constants for the full space were obtained from the calculated escape probabilities as in Northrup et al. (39, 40) , except that the Smoluchowski rate was adjusted to reflect the limited solid angle in the surface case, as described in Collision and Separation, above. 
RESULTS AND DISCUSSION
Typical dipole moments of small globular proteins are 10 2 to 10 3 Debye (36) and surface charge densities of phospholipid bilayer membranes are of the order of magnitude 2.6 e/nm 2 (37) . Based on these data, we assign a dipole moment value of 800 D to the enzyme dipole and vary the charge density of the surface from 0 e/nm 2 to 10 e/nm 2 . The bimolecular association constants for the solution and for the charged and uncharged surface cases are plotted as a function of the enzyme reactive patch size in Fig. 4 . As mentioned above, the bimolecular association rate in solution always exceeds that in the neutral surface case. For the substrate reactive patch size considered (20°), a crossover from faster association kinetics for the free substrate to faster association for the fixed one occurs at a surface charge density of ;1 e/nm 2 (Fig. 5) . The enhancement is more pronounced for higher charge densities and smaller enzyme reactive patch sizes.
The increased enzyme-substrate binding can be attributed to the effective reduction of dimensionality in rotational space of both the enzyme and the substrate. This can be viewed as the orientational analog of enzyme molecules sticking to and diffusing on a surface, which favors binding by reducing the dimensionality of the translational motion of the enzyme (15, 18, 31) . It is also reminiscent of electrostatic steering (20) (21) (22) (23) . However in the case of electrostatic steering, specific receptor-ligand interactions lead to a bias in relative translational motion. Here, nonspecific interactions influence only the orientational degrees of freedom.
APPENDIX
Here, we derive Eq. 14 for the substrate reorientation parameter in the surface case ðL Shoup et al. (28) consider diffusion-controlled reactions between a molecule with an axially symmetric reactive patch and one that is uniformly reactive, so that the concentration (c) of the latter around the former can be expressed in terms of the vector separating their centers (r) and its orientation (u). The key insight in Shoup et al. (28) is that the boundary condition @c @r
can be well approximated by
where k denotes reactivity, R ¼ R E 1 R S , and Q is a constant such that Eq. 24 is satisfied on average over the reactive region. For the case of a sphere with two diametrically opposed patches, we find using the approach in Shoup et al. (28) , FIGURE 4 Association rate constant as a function of enzyme reactive patch size; quasichemical theory evaluated using Eq. 15 (lines) and Brownian dynamics simulations (symbols) for the solution (1), uncharged (3), 2 e/nm 2 (*), and 5 e/nm 2 ()) surface cases. The radius of the enzyme was 15 Å and that of the substrate was 5 Å ; u S ¼ 20°. For computing the diffusion constants using the Stokes-Einstein relation, the temperature was taken to be 293 K and the viscosity of water was taken to be 1.002 3 10 ÿ3 Kg m ÿ1 s
ÿ1
. For the Brownian dynamics simulations, the starting radius was 25 Å and the terminating radius was 500 Å ; 10 4 simulations were performed for each set of boundary conditions. In the case of the charged surface, the dielectric constant was taken to be 78.2. Calculations are in the diffusion-controlled limit. 
where c 0 is the bulk concentration of the enzyme at r ¼ N. The function f l (r) is the solution of the radial part of the diffusion equation, which in our case is (28) f l ðrÞ ¼ ðp=2j l rÞ 1=2 K l11=2 ðj l rÞ; (27) with j l defined as in the main text. The derivative f 9 l ðrÞ ¼ ð1=rÞðp=2j l rÞ 1=2 ½lK l11=2 ðj l rÞ ÿ j l rK l13=2 ðj l rÞÞ;
follows directly from Eq. 27 and the identity K9 n ðxÞ ¼ n x K n ðxÞ ÿ K n11 ðxÞ; 
To recover the immobilized hemisphere with one reactive patch, we let D S and Q S go to zero. As D S / 0, j l / 0; based on the identity (43) K n ðxÞ ¼ 2 nÿ1 ðn ÿ 1Þ!x ÿn ;
we find that, in this limit, f 2l ðRÞ f 9 2l ðRÞ / ÿ R 2l 1 1 : 
In the diffusion-controlled limit, the reactivity k / N. Thus, 
The factor 2 sin 2 (u S /2) in the numerator is f surf S and the denominator is L surf S : Inspection thus yields Eq. 14.
